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Abstract: Usually the length of a rainfall record is insufficient to contain extreme values and critical sequences required for the design 

of components of water resources system. Stochastic rainfall model which has to do with the occurrence of wet day and depth of rainfall 

is developed for Gombe town located in semi-arid region of Nigeria, which depends on rainfall as the main source of irrigated 

agriculture but has limited rainfall record for the design of irrigation system. The first-order Markov-chain model was used to generate 

the sequence of rainfall occurrence using the method of transitional probability matrices, while daily rainfall amount was generated 

using a gamma distribution. The model parameters were estimated from 1991-2001 historical rainfall records. When the observed 

rainfall and the synthetically generated ones were compared, the statistical characteristics were satisfactorily preserved with a 

correlation coefficient of 0.99. Evidently results obtained have shown that the model could be used to generate rainfall data 

satisfactorily for the design of irrigation facilities in Gombe, Nigeria.  
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1. INTRODUCTION 

The pattern of rainfall and the pattern of extreme high or low precipitation are very important for agriculture as well as 

economy of a country. It is well established that rainfall pattern is changing on both global and regional scales [1] due to 

climate change. The implications of these changes are particularly significant for Gombe where hydrological disasters like 

flooding have occurred severally in the past. A rainfall occurrence model is an important tool used in hydrologic planning 

especially in irrigated agriculture and flood control.  As such, farmers are more informed as to when to expect rainfall in 

order to commence cultivation. In addition, most hydrologic variables such as runoff, evaporation are derivable from 

rainfall events, thus identifying appropriate model of daily rainfall is very crucial [2]. 

Estimating future occurrence and value of rainfall amount has become a huge problem in hydrologic design. The 

problem is that the period of available rainfall record is usually short in comparison with the period required for a reliable 

direct estimate. However, many hydrologic events including rainfall seem to follow to a continuous statistical distribution. 

It is based on this premise that such a distribution exists, that prediction of events as rainfall with limited data is possible. 

The method of fragments has been used for successful generation of monthly [3, 4]. This approach has been criticized 

for the repetitions of the same yearly pattern when the available historical data is very small. [5] reported that this 

deficiency has been overcome by using synthetic fragments. However, this resulted in the problem of generating the 

accurate number of months with zero rainfall. [5] augured that disaggregation schemes were effective in producing 

monthly data although the number of parameters to be estimated with many sites is a huge problem. Simplifications to 

overcome this problem were proposed by [6]. According to [7], models for generating daily rainfall are well developed 

using the transition probability matrices which retains most of the characteristics and therefore is reported to be the best 

performing model.  

The two-part model has been severally reported [8-10] to perform well across a range of climates at the daily level but 

has not been tested adequately at monthly or annual levels. The two-part model involved the use of the two-state first-order 

Markov chain to predict the daily rainfall occurrences (part one) and to statistically fit distribution to the rainfall amounts 

for wet days (part two). For instance, in the study of sequence of daily rainfall occurrence, [8] used the first-order Markov 

chain model in rainfall data of northern Nigeria. Also [9] successfully fitted the first-order of the Markov chain model to 

rainfall occurrences in Italy. Furthermore, [11] used two states first-order Markov chain to simulate daily occurrences of 

rainfall and the gamma distribution was used to model the distribution of rainfall amount in Bangladesh. In another study, 

[10] used the first-order Markov chain model to predict annual rainfall intervals using transitional probability matrices and 

Monte Carlo simulation. The class intervals were treated as probability states in the transition probability matrices while 

using the frequency distribution of the class intervals. The results revealed that the model provided forecasts of high 
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accuracy for Owerri city in Nigeria. Based on these reviews, Markov chain can be adjudged as a good method for effective 

modelling rainfall occurrence. In actual sense, a Markov chain represents a system of elements making transition from one 

state to another over time. In the case of fitting distribution to the rainfall amounts, Gamma distribution is reported to be 

most appropriate to model for the synthetic generation of daily rainfall amounts [11, 10]. Hence, the objective of the study 

was focused on the use of the two-state first-order Markov chain to model daily rainfall occurrences and to fit the Gamma 

distribution to the rainfall amounts for the predicted wet days in Gombe, Nigeria. 

 

2. MATERIAL AND METHOD 

2.1 Study Area 

Figure 1 shows the study area which is Gombe in Gombe state, Nigeria. The area has variable rainfall pattern with 

extreme cases of drought and sporadic flood. It records an average annual rainfall of 1072.6mm [12]. On daily basis, the 

temperature ranges between 250C and 340C [13]. Daily rainfall amount of Gombe from 1991 to 2001 were obtained from 

the Nigerian Meteorological Agency (NIMET) office at Gombe Airport, Gombe, to serve as primary data used in this study. 

  

 
Figure 1: Location map of Gombe 

 

2.2 Model Identification  

Akaike’s Information Criterion (AIC) was used to investigate if first-order Markov chains adequately fit the synthesis of 

daily rainfall occurrence in the present study [7]. AIC Test statistic is given by  

𝐴𝐼𝐶(𝑚) = −2𝐿𝑚 + 2𝑆𝑚(𝑆 − 1)                                                                                                                                       (1) 

where m represents the order of the Markov chain to be tested, s the number of states, and n the sample size. Chi-square 

test was also used to test the goodness of fit of the rainfall amounts to gamma probability distribution [14]. This was 

performed by plotting cumulative probability curves and applying classical statistical inferences to the daily rainfall data. 

According to [14], for the boundaries (Ii-1, Ii), the theoretical frequency, ni, corresponding to the observed frequency, Oi, of 

bin i of the histogram, the Chi-square statistic is obtained as 

𝜒2 = ∑
(𝑂𝑖−𝑛𝑖)2

𝑛𝑖

𝑁
𝑖=1                                                                                                                                                         (2) 

The null hypothesis stating that the observed sample is drawn from the theoretical distribution (in this case gamma 

distribution) is accepted if  𝜒2 <  𝜒𝑁−𝑘−1,1−𝛼
2

 

where, , 𝜒𝑁−𝑘−1,1−𝛼
2 is the chi-square value for N-K-1 degree of freedom and α significant level. 

 

2.3 Formulation of Transition Matrices 

If               𝑃(𝑋𝑛+1 = 𝑥𝑛+1 |𝑋𝑛 = 𝑥𝑛 ,  𝑋𝑛−1 = 𝑥𝑛−1, … , 𝑋0 = 𝑥0) = 𝑃(𝑋𝑛+1 = 𝑥𝑛+1 |𝑋𝑛 = 𝑥𝑛)                                    (3) 

where  𝑥0, 𝑥1, … , 𝑥𝑛+1 ∈ {0, 1} and let 

 

𝑋𝑛 = {
0 𝑖𝑓 𝑡ℎ𝑒 𝑛𝑡ℎ𝑑𝑎𝑦 𝑖𝑠 𝑑𝑟𝑦

1 𝑖𝑓 𝑡ℎ𝑒 𝑛𝑡ℎ  𝑑𝑎𝑦 𝑖𝑠 𝑤𝑒𝑡
 

 

Then the probability of wetness of any day was assumed to depend on only on whether the previous day was wet or dry, 

i.e. the rainfall occurrence process was assumed to be a Markov process. The Markov chain of the first-order is one for 

which each next state depends only on immediately preceding one. Markov chains of second or higher order are the 

processes in which the next state depends on two or more preceding ones. The first-order Markov chain was used to 

describe the occurrence of wet and dry days and its transition probability matrix P is defined as  

 

  𝑃 = [
𝑃00 𝑃01

𝑃10 𝑃11
]                                                                                                                                                          (4) 
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where, P01 = the conditional probability of a wet day following a dry day, P11 = the conditional probability of a wet day 

following a wet day.  

The complementary probabilities for dry day occurrences we obtained as 

  𝑃00 = 1 − 𝑃01                                                                                                                                                                    (5) 

𝑃10 = 1 − 𝑃11                                                                                                                                                                      (6) 

The transition probabilities were considered on a monthly base thus the model required 24 parameters for the rain event 

generation for one year (12 for P01 and 12 for P11). These probabilities were calculated on all the available recordings in the 

data set as: 

𝑃01 =
𝑁01

𝑁0
                                                                                                                                                                              (7) 

𝑃11 =
𝑁11

𝑁1
                                                                                                                                                                              (8) 

where, N01 is the number of wet days after a dry day in the month; N0 is the total number of dry days in the data set, for 

the month; N11 is the number of wet days after a wet day in the month; N1 is the total number of wet days in the data set, 

for the month. 

 

2.4 Synthetic Generation of Daily Rainfall  

By comparing a random number generated from a uniform distribution between 0 and 1 to the value of the transition 

probabilities P01 or P11, the occurrence of a wet day was determined. The preceding day was considered dry and the current 

day as a wet day if the random number is smaller than P01. Alternatively, the current day was predicted dry if the random 

number was greater than P01. The decision process was similar if the preceding day was wet. The two parameters of 

gamma probability distribution function (pdf) were also estimated using the maximum likelihood method [11].When a wet 

day was generated, a rainfall amount on that day was determined by generating a new random number from a uniform 

distribution and solving the inverse gamma cumulative distribution function for daily rainfall amount [10]. The pdf of 

gamma distribution was given as: 

𝑓(𝑥; 𝛼, 𝛽 ) =
𝑥𝛼−1𝑒

−
𝑥
𝛽

𝛽𝛼Γ(α)
                                                                                                                                                         (9) 

where Γ(α) is the gamma function. The shape and scale parameters are represented by α and β respectively. α and β are 

specific parameters for each month. The total number of parameters needed to describe the rainfall amount is 24 (12 for α 

and 12 for β for each month). The parameters α and β are estimated, on a monthly basis as follows  

𝛼 =
𝑀2

𝑉
                                                                                                                                                                           (10) 

 𝛽 =
𝑉

𝑀
 (11) 

where M is mean and V is the variance of the daily rainfall amounts for wet day.  

 

2.5 Model Validation 

The means and standard deviations of daily rainfall amounts of both the generated and observed rainfall amounts were 

compared. The correlation coefficient between the observed and the generated daily rainfall series was estimated to know 

if the two series were indistinguishable from each other. 

 
3. RESULTS AND DISCUSSION 

3.1 Descriptive Statistics of Flood Data  

Figure 2 shows the average and standard deviation of daily rainfall for each month for the data which is taken from 

Gombe Airport. The variability of mean monthly rainfall is significantly high; between a standard deviation of 27 in July to 

4 in December. This is very evident for the wettest month of July (rainy season) except for the months of November, 

December, January and February which are very dry (dry season). The monthly variation of rainfall during the drier 

months is significantly lower than the wet months.  
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Figure 2: Daily mean and standard deviation of Gombe rainfall data for each month 

 

3.2 Transition Probabilities of Observed Daily Rainfall for Each Month 

Figure 3 illustrates the estimates of transitional probabilities. The conditional probabilities of wet day rainfall 

demonstrate the persistence of daily rainfall events. It is observed that the periodical changes of P01 and P11 are higher in 

March, August and November. However, this is in variance with the results obtained by [11] in his research. He observed 

that P01 and P11 were higher in July, August and September. This can be ascribed to the difference in the climate between 

the two study areas.  Both in the wet and dry seasons, a wet day is more likely to be followed by a wet day, while except in 

month of May, the probability of a wet day following dry day is much smaller than a dry day following a dry (P11> P01). 

The conditional probability of wet day following a wet day is greater than the conditional probability of wet day following 

a dry day for every month (P11> P01). 

  

 
Figure 3: Conditional probability of daily rainfall for each month 

 

3.3 Estimated Parameters of the fitted Gamma Probability Distribution  

The results of Gamma distribution are shown in Figure 4. It can be seen that the value of shape parameter of Gamma 

distribution is varied in the range from 0.01 (December) to 2.99 (August), while scale parameter varies greatly in a range 

from 3.99 (December) to 22.5 (July), which indicates the significant variation of daily rainfall.  
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Figure 4: Monthly shape and scale parameters of the fitted gamma distribution 

 

3.4 Statistical Tests on the fitted Gamma Distribution and First-order Markov Chains  

According to the result of the two tests, the lowest statistic value is the best fitting model. The result of the two 

statistical tests is shown in Table 1. From Table 1, it was observed that first-order Markov chains adequately fit the 

synthesis of daily rainfall occurrence with the Akaike’s Information Criterion (AIC) value of 0.11163 and the observed 

daily rainfall amounts satisfactorily were drawn from Gamma distribution with calculated Chi-Square (C-S) value of 2.263 

less than the tabulated C-S value of 11.07. This is consistent with the findings of [11] who performed similar work in 

Bangladesh. 

 

Table 1: Goodness of Fit Test 

Goodness of fit Akaike’s Information Criterion (AIC) Chi-Square (C-S). 

Statistic value 0.11163 2.263 

 

3.5 Results of Model Validation 

The comparisons between simulated and recorded daily mean rainfall conditions showed a very good match with a 

correlation coefficient of 0.99 (Figure 5). The diagonal line in Figure 5 represents a one-to-one correspondence of the 

observed and simulated daily mean rainfall values. Again, this falls in line with the results obtained by [15] who simulated 

groundwater heads using MODFLOW in Ohaji Local Government Area of Imo State, Nigeria. 

 

  

 
Figure 5: Simulated and recorded daily mean rainfall (mm) 

 

The average amounts of rainfall for wet days from June to September were observed to be larger than that in the months 

from November to May (Figure 6). This result is slightly different from the results obtained by [11] in Bangladesh. In his 

study, he observed large average amounts of rainfall for wet days from June to October in the simulated data. This may 
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have been as a result of the difference in the climate of Bangladesh, an Asian country and that of Gombe, a semi-arid area 

in Nigeria where this study was conducted. 

 

 
Figure 6: Comparison of recorded and generated mean rainfall (mm) per wet day 

 

 
Figure 7: Comparison of recorded and generated standard deviation of rainfall (mm) 

 

  The variation of rainfall for wet days of historic rainfall data was similar to the variations in the synthetic rainfall data 

for every month (Figure 7). The standard deviation of daily rainfall for wet days was higher in June through September 

than every other month. The highest variability was observed in August both for recorded and synthetic rainfall data. 

 

4.  CONCLUSION 

The developed Markov chain model was used to generate daily rainfall. The rainfall occurrence was determined by the 

first-order two state Markov chain and the rainfall amount were described by the gamma distribution. The estimated 

parameters of the Markov chain model given by the maximum likelihood estimation for each period showed significant 

variation of daily precipitation. The variability of mean monthly rainfall was observed to be significantly high. The highest 

variability showed in August both for recorded and generated data. Based on these results, the developed model can be 

concluded to be capable of representing many of the characteristics that existed in the observed data. In conclusion, on the 

basis of the comparison made in this paper, the Markov chain model is recommended as an appropriate stochastic 

simulation model for describing the Gombe rainfall data. There is need for further research on the rainfall parameters and 

the scenario of the rainfall probability that show the net irrigation requirement of different crops in different seasons 
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